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Abstract

Focusing on the signaling aspect of education, we show that under plausible condi-

tions, college wage premium is U-shaped in the share of the population with a degree.

The predictions of our model are consistent with empirical evidence from a range of

countries.
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1 Introduction

While some of us wistfully look back on our university days as the time of our life (and

others have never left), for most people the choice about whether or not to attend college

is a pragmatic one: is it an investment worth making? Will the returns from obtaining a

college degree in terms of the job opportunities and the extra wages it brings justify its

costs? This is a very real question for many, and a particularly pertinent one given the cost

of higher education. In this paper we explore the relationship between the college wage

premium – the extra earnings that college graduates receive over their lifetimes – and the

share of the population with a college education.

Following Spence (1973), amongst others, we emphasize the signaling aspect of educa-

tion.1 Specifically, we study a signaling model of education with log-normally distributed

∗We would like to thank Murali Agastya, Kadir Atalay, Colin Cameron, Nicolas de Roos, Gary Fields,

Ye Lu, Simon Kwok, Suraj Prasad and Rami Tabri for their helpful comments.
†School of Economics, University of Sydney, Australia; oleksii.birulin@sydney.edu.au,

vladimir.smirnov@sydney.edu.au and andrew.wait@sydney.edu.au.
‡nparfin@gmail.com.
1Empirical work, e.g., Fang (2006), suggests that signaling can account for a substantial portion of the

observed college wage premium.
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abilities. Such distribution is standard in labor economics, see e.g. Heckman (1979) or

Borjas (1987).2 Under mild conditions our model admits a unique equilibrium where only

those whose ability exceeds a certain threshold obtain a college degree. In this equilibrium

the college wage premium is U-shaped in the share of the population that obtains a degree

(Section 3).

The intuition for this result is as follows. When only the workers in the upper tail

of the ability distribution go through college, the degree is a very informative signal and

the resulting college wage premium is high. Conversely, when only the bottom tail of the

distribution does not have a degree, it is important to signal that you are not from that tail,

hence college wage premium is also high. In the intermediate case, when approximately

half of the population obtains a degree, the signal embedded in the degree is not that

informative and the resulting college wage premium is somewhat diminished. This leads

to a U-shaped relationship between the college wage premium and the share of college

educated.3

Our work is significant for several reasons. First, we develop a tractable model of college

wage premium that relies solely on signaling and uses an empirically sound distribution of

abilities. Second, we make clear predictions relating the share of college educated with the

benefit of higher education. The comparative statics of our model fit the empirical evidence

from various countries (Section 3). Third, our work highlights the role of the variance of

the distribution of abilities. Prior models of college wage premium, say, Krugman (2000) or

Hendel et al. (2005) have largely focused on a positive relationship between the premium

and the share of the educated. We show that a higher variance of abilities in the population

makes such relationship less likely.

Finally, our work has implications for models of skill-biased technological change, see

e.g., Acemoglu (2002). Such models predict that any positive college wage premium/share

of the educated relationship must be driven by the growing demand for skilled labor. Our

results suggest that the observed temporal changes in the premium/share relationship can

also be (partially) explained by the signaling aspect of education. Our analysis suggests

limits on the positive relationship between increasing relative wages of college graduates

and their share in the population, which can be potentially used to separate the skill-biased

demand and signaling effect empirically.

2Clementi and Gallegati (2005) argue that the empirical wage distribution is best described by a log-

normal c.d.f. for the low and middle income groups that covers 97%-99% of the population.
3The U-shape premium/share relationship does not hold for every distribution. A more elaborate

intuition that relies on the shape of the density of the log-normal distribution is given in Section 3.
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2 The Model and the Equilibrium

Consider an economy with a continuum of workers and several employers. Worker’s i

productivity/ability xi is her private information.4 Each worker draws her x independently

from the same distribution with c.d.f. F . Following empirical labor economics literature

we assume that F is log-normal on [0,∞) with mean µ and variance σ2.

All workers act simultaneously. A worker can acquire zero or one unit of education;

that is, ei ∈ {0, 1}. To acquire e = 1 the worker with ability x incurs a cost of c (x) (e = 0

costs 0 for every type).5 As in Spence (1973), education does not affect the productivity,

but can serve as a signal of ability if c (x) is decreasing in x. Each worker chooses her e to

maximize the expected payoff, U (x, e, w) = w (e)−e ·c (x), where w is the market wage she

can secure, as outlined below. Critically, U (x, e, w) satisfies the single-crossing condition.

Indeed, if a worker with ability x is indifferent between acquiring education and not, any

higher ability worker strictly prefers being educated.

Employers are unaware of the true abilities, however, they can observe workers’ edu-

cational attainments e and make inferences. Each employer then simultaneously chooses

w (e) to maximize her expected profits given the available information. Using these wage

offers the employers compete for the workers a. lá Bertrand.

The above outlines an extensive form game with imperfect information. Each worker

makes a choice of e so as to maximize her expected payoff in the game that unfolds. Each

employer uses Bayes rule to update her beliefs about the workers’ abilities given their ei’s,

and makes the wage offers w (ei) accordingly, to maximize her expected profit. We solve

for the perfect Bayesian equilibrium (PBE) of this game.

Consider a threshold θ and the following strategies. Workers with x ≥ θ incur the

cost and acquire higher education, e (x|x ≥ θ) = 1. Workers with x < θ do not acquire

education, e (x|x < θ) = 0. The employers infer that e = 1 implies x ≥ θ and offer wH =

E [x|x ≥ θ] to such workers. The wage offer to the workers with e = 0 is wL = E [x|x ≤ θ].

The expectations are calculated using distribution F . Note that in equilibrium each worker

is paid her (conditionally) expected productivity and the employers make zero expected

profits.

Central to our analysis is the signaling premium function P (θ) ≡ wH − wL. The

following Proposition can be proven by inspection.

Proposition 1. The threshold θ∗ and the strategies described above form a partially reveal-

4Henceforth, for convenience we will omit the subscript i in the agent’s ability.
5This overarching cost is supposed to capture all the costs of education such as tuition fees, effort,

psychological costs, forgone earnings, and so on.
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ing perfect Bayesian equilibrium if

c (θ∗) = P (θ∗) . (1)

-

6

0

P (θ∗)

∞

c(θ)

P (θ)

θ∗θ̂

Figure 1: Equilibrium share of the educated and college wage premium

Bayesian updating on the equilibrium path and the “competitive” outcome for the

employers are standard in signaling models of education. However, other aspects of our

model are non-standard. Signaling games studied in the literature usually involve discrete

types (abilities) of the workers but allow a continuous choice of the signal, as well as a

continuous action space for the employers.6 As previously shown, such setup results in

multiple (in fact, infinitely many) separating equilibria, as well as some pooling equilibria.

Multiplicity of equilibria arises because of the freedom with which the off-equilibrium beliefs

of the employers can be specified.7 In fact, when the amount of education can be chosen

continuously, any level of education on some interval can be supported as a separating

equilibrium by a judicious choice of the off-equilibrium beliefs.

Our model is different. Firstly, the educational (signal) choice is binary. Secondly,

as outlined in Proposition 1, every available signal is the equilibrium choice for a worker

with some ability level. Consequently, there are no off-equilibrium beliefs as such. It

is evident that any partially revealing equilibrium in pure strategies has the structure

described above. Moreover, whenever the solution to (1) exists and is unique, the partially

revealing equilibrium is also unique.8 Note that (1) remains an equilibrium condition

regardless of whether P is increasing or decreasing at the corresponding θ∗.

6The setup of Fang (2006) also includes a continuum of productivity types. His focus is on distinguishing

between the signaling and productivity enhancement effects of education empirically.
7The large literature on equilibrium refinements is surveyed in Sobel (2009).
8Mailath (1987) establishes uniqueness of the separating equilibrium in the setting with continuous type

and continuous signal/action space.
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Our model may also admit two perfect Bayesian equilibria with complete pooling, that

is, for every x the educational choice is the same and w = E [x]. Suppose, however, that

P (0) < c (0) and note that P (0) = E [x]. Then e = 1 for every x is not a PBE. Indeed, for

any beliefs attached to the off-equilibrium e = 0, the resulting wage ŵ ≥ 0. Consequently,

any worker with ability x close enough to 0 is better off with e = 0, as the wage ŵ that

follows from such a signal is better than E [x]−c (x), which is the x’s anticipated equilibrium

payoff. We further assume P (0) < c(0).

The pooling equilibrium with e = 0 for every x is a PBE supported by the belief that

any deviant is a “low” enough type. Such belief is clearly unreasonable. Suppose instead

the employers believe that a worker who chooses e = 1 has an ability above a large θ̃ and

offer him the wage w̃ = c(θ̃) + E [x] . Such out of equilibrium offer is attractive only for

an ability level x ≥ θ̃, since for them c (x) ≤ c(θ̃). For all the other types the equilibrium

wage offer dominates. With such refinement the only equilibrium in this model is given by

Proposition 1.

Using equilibrium refinements would leave a unique separating equilibrium in the sig-

naling model with discrete types as well, see Sobel (2014). The benefit of our formulation

is that the resulting college wage premium, P (θ), depends on the share of the population,

θ, that obtains the degree in equilibrium. This dependence is central to our study.

The distribution of abilities. To isolate the effects of signaling on college wage premium

we deliberately keep the setting as stylized as possible. One of the advantages is that we can

work with an empirically sound distribution of abilities rather than assuming two ability

levels as is common in the extant literature. We assume that abilities are drawn from the

log-normal distribution and this is important for our results. Log-normality of the unob-

servable components in the wage equation is a standard assumption in labour economics.

It is used in seminal works on sample selection into the labour market, Heckman (1979),

and on migration, Borjas (1987). At least since Griliches (1977) these unobservable factors

are associated with ability/productivity known to the agents, but not to the analysts.9

Econometrics literature is, however, more concerned with eliminating the resulting “ability

bias” in estimation. Our focus is on the labour market response to the agents signaling

their productivity via their educational choices and the resulting effect on the college wage

premium.

9Standard sample selection conditions, see equation (2) in Heckman (1979) or equation (3) in Borjas

(1987) imply that an agent who makes a conscious decision to enter the labour market or to migrate into

a country has to know the realization of the unobservable.
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3 Signaling Premium Function and Empirical Con-

nections

This Section analyses the signaling premium function. Our main result is that P (θ) is

U-shaped for any values of µ and σ.10

Proposition 2. P (θ) is a continuous strictly quasi-convex function. P (θ) strictly de-

creases for θ < θ̂, reaches its minimum at θ̂ < med [x] and strictly increases for θ > θ̂.

The proof is given in the Appendix. The intuition for the U-shape of P (θ) relates

to studies in reliability theory. Bagnoli and Bergstrom (2005) explore the mean-residual-

lifetime functionMLR (θ) = E [x|x ≥ θ]−θ, and the mean-advantage-over-inferiors function

δ (θ) = θ− E [x|x < θ]. Our P (θ) = MLR (θ) + δ (θ). They show that δ (θ) is increasing if

the c.d.f. F is log-concave. This holds for the log-normal distribution.

The log-normal density function, on the other hand, is more complex. When x is log-

normal with mean µ and variance σ2, its density is log-concave for x ≤ exp (µ+ 1− σ2), and

log-convex for x ≥ exp (µ+ 1− σ2). From the arguments in Bagnoli and Bergstrom (2005),

it follows that MLR (θ) is increasing for x ≥ exp (µ+ 1− σ2), that is, where the density is

log-convex. Hence, for θ ≥ exp (µ+ 1− σ2), P (θ) is the sum of two increasing functions.

On the other hand, when θ is low and the density is log-concave, MLR (θ) could be de-

creasing. As P (θ) is the sum of a decreasing MLR (θ) and an increasing δ (θ), P (θ) could

be decreasing when θ is low.

The fact that signaling can lead to a U-shaped college wage premium is unique to

our model. Other signaling models of college wage premium focus on one side of the

premium/share relationship. Hendel et al. (2005), for instance, uses a model with two

ability levels and credit constraints. In their model the college wage premium rises with

the share of the educated when financial aid facilitates education of poor students with

high ability, as this decreases the expected productivity of those without a degree. This

holds in our model when θ < θ̂, as illustrated in Figure 1. Proposition 2 shows, however,

that the premium/share relationship can also work the other way.

To further tease out the implications of Proposition 2, fix µ and consider θ̂ (σ), where

θ̂ = arg minθ P (θ) from Proposition 2. From the proof of Proposition 2 it follows that

θ̂ (σ) is a continuous function with limσ→0+ θ̂ (σ) = med [x]. Figure 2 plots θ̂ (σ) for µ = 10

and σ ∈ (0, 10). Importantly, θ̂ (σ) curve separates the regions with a positive/negative

relationship between the college wage premium and the share of the population with a

college education. From Figure 2, it is evident that higher values of σ result in a lower θ̂,

10Function f is strictly quasi-convex if for any x, y, f (λx+ (1− λ) y) < max (f (x) , f (y)) for any λ ∈
(0, 1) .
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increasing the region for which the premium/share relationship is negative. (Recall that a

higher θ implies a lower share of the educated.) To concentrate on the comparative statics

of the college wage premium, suppose that the cost of education c(θ) decreases, so that the

equilibrium θ∗ shifts to the left (see Figure 1).11 When the share of college educated in

the country is high, that is θ∗ < θ̂ (σ), our model predicts further increases in college wage

premium. In contrast, when this share is low, (θ∗ > θ̂ (σ)), the college wage premium is

expected to decrease.

med[x]

P ′(θ) > 0

P ′(θ) < 0

θ0

10

σ

Figure 2: Regions of increasing and decreasing college wage premium

Associating higher variance of the ability distribution with higher income inequality,

our predictions can be reconciled with the empirical patterns observed in different coun-

tries. Machin and McNally (2007) report a positive relationship between the college wage

premium and the share of college educated in Australia, Finland, France, Korea, Sweden,

Switzerland, the Netherlands and the UK in 1997–2003. Consistent with our story, these

are fairly egalitarian countries (hence low σ) with a high share of tertiary educated.12 Such

countries would be below the θ̂ (σ) curve in Figure 2.

In contrast, most Latin American countries have high income inequality and lower

share of college educated – 20% in Brazil and 33% in Chile, for example. Such economies

would be located above the θ̂ (σ) curve in Figure 2, where our model predicts a negative

premium/share relationship. This is consistent with the empirical evidence in Fernandez

and Messina (2017). These two aforementioned empirical studies report a positive pre-

mium/share relationship in Germany and Czech Republic and a negative relationship in

Argentina. This highlights the nuanced interaction at play here, as the highest share of

11Costs of education could decrease due to the government subsidies and financial aid, for example.

Technological progress is also likely to shift the c(θ) curve to the left, as it decreases the opportunity cost

of staying at college. Part-time and online options for higher education are likely to have a similar effect.
12See https://data.oecd.org/eduatt/population-with-tertiary-education.htm
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college educated amongst these three countries is in Argentina. Our model explains the

apparent contradiction because income inequality in Argentina is much greater than in

these two European counterparts.

4 Conclusion

Much of the theoretical work on college wage premium utilizes the skill-biased technological

change model, Acemoglu (2002). This model predicts that any increasing college wage

premium/share of the educated relationship must be driven by the growing demand for

skilled labor. Such considerations are absent in our model. Yet still, we obtain a potentially

nuanced relationship between the share of the educated and the wage premium enjoyed by

college graduates, that can also explain the observed empirical patterns.

The U-shaped relationship predicted here relies on the log-normality of the distribu-

tion of workers’ abilities, and a potentially bigger take away message is that models of

education can be substantially enriched by relying on the empirically sound distributional

assumptions.

Appendix

Proof of Proposition 2

Proof. Introduce m = (ln θ − µ) /σ. Recall that for the log-normally distributed x, the

mean E [x] = exp
(
µ+ σ2

2

)
and the median med [x] = expµ. Then θ = med [x] corresponds

to m = 0 and θ = E [x] corresponds to m = σ/2. It is well known that

E [x|x < θ] = E [x] · Φ (m− σ)

Φ (m)
and E [x|x ≥ θ] = E [x] · Φ (σ −m)

Φ (−m)
, (2)

where Φ and φ stand for the cumulative distribution and density functions of the standard

normal distribution. Define B (m,σ) ≡ Φ(m)−Φ(m−σ)
Φ(m)(1−Φ(m))

, then

P (θ) = E [x] ·B (m,σ) . (3)

Clearly, P (θ) is increasing (decreasing) in θ whenever B (m,σ) is increasing (decreasing)

in m.

First, we show that the extremum of B (m,σ) for a given σ, m̂(σ), exists and is unique

for any σ ∈ [0, σ̄]. Note that function B (m,σ) is continuously differentiable, and locating its

extremal points is equivalent to locating the extremal points of lnB (m,σ) . The necessary
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condition for an extremum of lnB (m,σ) for a given σ is

L (σ, m̂) ≡ φ (m̂)− φ (m̂− σ)

Φ (m̂)− Φ (m̂− σ)
=
φ (m̂) (1− 2Φ (m̂))

Φ (m̂) (1− Φ (m̂))
≡ R (m̂) . (4)

We treat (4) as an equation that defines function m̂ (σ) implicitly. Lipschitz Implicit

Function Theorem, see Theorem 6 in Border (2018), suggests that m̂, the solution to (4)

exists for any σ ∈ [0, σ̄], moreover, such m̂ is unique. In addition, m̂ (σ) is a continuous

function. We further restate Border’s theorem and verify its conditions.

Border (2018) Theorem 6 applies to the solution ξ (m) of the equation g (ξ (m) ,m) = 0.

Let P be a compact metric space. If a continuous function g : P ×R → R satisfies

0 < n ≤ g (x,m)− g (y,m)

x− y
≤ N, (5)

for any x, y ∈ P and any m, then the solution ξ (m) exists, is unique and is a continuous

function of m.

In our setting g (ξ (m) ,m) is given by L (σ, m̂)−R (m̂), which is equal to the difference

between the left and the right hand sides of (4). Obviously this is a continuous function.

Direct computation provides

∂L (σ, m̂)

∂σ
= − φ(m̂− σ)

Φ(m̂)− Φ(m̂− σ)

[
φ (m̂)− φ (m̂− σ)

Φ(m̂)− Φ(m̂− σ)
+ m̂− σ

]
. (6)

Clearly, Lσ (σ, m̂) is a continuous function. We further prove that Lσ is always positive.

Note that φ(m̂−σ)
Φ(m̂)−Φ(m̂−σ)

> 0 for any σ > 0. Focus on the square bracket in (6); call it

Z (σ, m̂).

L’Hopital’s rule implies

lim
σ→0

φ (m̂)− φ (m̂− σ)

Φ(m̂)− Φ(m̂− σ)
+ m̂− σ = 0. (7)

Introduce l (σ, m̂) = φ (m̂) − φ (m̂− σ) and r (σ, m̂) = (σ − m̂) (Φ(m̂)− Φ(m̂− σ)) .

The above (7) implies limσ→0 l (σ, m̂)− r (σ, m̂) = 0. Direct computation provides

lσ (σ, m̂) = − (m̂− σ)φ (m̂− σ) and

rσ (σ, m̂) = Φ(m̂)− Φ(m̂− σ)− (m̂− σ)φ(m̂− σ).

Thus, lσ (σ, m̂) < rσ (σ, m̂) for any σ > 0, and therefore l (σ, m̂) < r (σ, m̂) for any σ > 0.

This implies that Z (σ, m̂) < 0 for any σ > 0, which in turn implies that Lσ (σ, m̂) > 0 for

any m̂ and any σ > 0. Given that

L (x, m̂)− L (y, m̂) =

∫ x

y

Lσ (s, m̂) ds,
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inequality (5) is satisfied. Thus, the extremum of B (m,σ) for a given σ, m̂(σ), exists and

is unique for any σ ∈ [0, σ̄].

Lemma 1 below shows that B (m,σ) is increasing in m for m ≥ 0 for any σ > 0.

Since m̂ (σ) is continuous, the unique extremum m̂ identified above is then the minimum

of B (m,σ) . Note that m = 0 corresponds to θ = med [x] . Lemma 1 and the argument

above then imply that P (θ) decreases in θ for θ < θ̂ < med [x] for any σ > 0 and µ; P (θ)

further increases in θ for every θ > θ̂.

Lemma 1. B (m,σ) is strictly increasing in m for m ≥ 0.

Proof. First, we show that B (m,σ) is strictly increasing in m for m ∈ [0, σ/2]. Direct

computation provides Bm (0, σ) = 4 (φ (0)− φ(σ)) > 0 for any σ > 0. Hence B (m,σ) is

strictly increasing at m = 0. Further, note that Φ (m) (1− Φ (m)) is a symmetric function

with a max at m = 0, hence it is decreasing at any m ≥ 0 (strictly at m > 0). Note also that

m ≤ σ/2 implies m − σ < 0 and |m− σ| ≥ m. Since φ (m) is itself a symmetric function

with a max at m = 0, φ (m) − φ (m− σ) ≥ 0 for any m ≤ σ/2, with strict inequality

at m < σ/2. Therefore, Φ (m) − Φ (m− σ) is increasing in m for m ≤ σ/2 (strictly at

m < σ/2).

Second, we show that B (m,σ) is strictly increasing in m for m ≥ σ/2. Let h (m) =

φ (m) /Φ (m) denote the reverse hazard rate of the standard normal distribution. Introduce

another pair of functions

g (m) = h (m− σ)− h (m) and s (m) = h (−m)− h (σ −m) .

It is known that the reverse hazard rate h (m) of the standard normal is a strictly decreasing

and strictly convex function. This implies i) that both g (m) > 0 and s (m) > 0 for

every m, and ii) that g (m) is (strictly) decreasing and s (m) is (strictly) increasing in m.

Straightforward differentiation produces

Bm (m,σ) =
Φ (σ −m)

Φ (−m)
s (m)− Φ (m− σ)

Φ (m)
g (m) .

Φ (σ −m)

Φ (−m)
>

Φ (m− σ)

Φ (m)
for any m, recall (2). Note that m = σ/2 implies m−σ = −m,

hence s (m) = g (m). At every m > σ/2, s (m) > g (m) , therefore Bm (m,σ) > 0.

Further, we show that ∂m̂ (σ) /∂σ ≤ 0. Note that since φ (m̂) is log-concave, both

Φ (m̂) and 1−Φ (m̂) are log-concave functions and so is their product. The right hand side

of (4), R (m̂) , is the derivative of ln (Φ (m̂) (1− Φ (m̂))) , hence it is decreasing in m̂. From

log-concavity of φ (m̂) also follows concavity of ln (Φ (v)− Φ (w)) in (v, w) for any v > w,

see Pratt (1981).
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−∞ 0

R(m̂)

L(σ, m̂)
L(σ′, m̂)

m̂(σ′) m̂(σ)

Figure 3: Solutions to (4) at σ and σ′ > σ

Since our v = m̂ and w = m̂ − σ are linear functions of m̂, Φ (m̂) − Φ (m̂− σ) is

also a log-concave function of m̂, see Bagnoli and Bergstrom (2005). The left hand side

of (4), L (σ, m̂) , is then a decreasing function of m̂ for any σ. We already know that

m̂ (σ) implicitly defined by (4) is unique, i.e., L (σ, m̂) and R (m̂) intersect only once. We

already know that Bm (0, σ) = 4 (φ (0)− φ(σ)) > 0 for any σ > 0. This implies that
∂
∂m

lnB (0, σ) < 0, hence R (m̂) necessarily intersects L (σ, m̂) from above. To illustrate the

logic of the argument, Figure 3 plots L (σ, m̂) and L (σ′, m̂) for σ′ > σ together with R (m̂).

We have argued earlier that L (σ, m̂) is an increasing function of σ for any m̂. Thus

m̂ (σ) implicitly defined by (4) decreases in σ. �
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