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Abstract

We propose an improved method for constructing likelihood-ratio-based confidence
intervals for threshold parameters in threshold regressions. Related methods have been
extensively developed in the literature and are asymptotically valid. However, their
performance in finite samples is not satisfactory. We suggest two modifications to the
standard inverted likelihood ratio approach. First, we consider a middle point adjust-
ment for the boundaries of confidence intervals. Second, we propose an interpolation
approach for evaluating the likelihood ratio profile at non-observable threshold values.
Our extensive Monte Carlo simulations suggest that our proposed confidence inter-
vals outperform existing methods, including bootstrap approaches, by attaining very
accurate coverage rates with relatively short lengths in finite samples.
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1 Introduction

Threshold regression models and their various extensions have become standard for the

specification of nonlinear relationships between economic variables (see, for example, Potter,

1995; Pesaran and Potter, 1997; Hansen, 1997; Balke, 2000; Koop and Potter, 2004; Enders

et al., 2007; Auerbach and Gorodnichenko, 2012, among many others.)1 In threshold re-

gression models, the regression coefficients are not stable over the entire sample which, as a

consequence, is split into subsamples conditional on values of a threshold variable. The true

threshold parameters that drive change in coefficients are unknown and we need to estimate

them and construct confidence interval for their values. In this paper, we study how to

improve the finite-sample performance of confidence intervals for threshold parameters.

In the literature, Chan (1993) shows that a threshold parameter estimate converges to

a functional of a compound Poisson process in the context of threshold autoregressions

(TAR). However, the distribution depends on nuisance parameters. To circumvent their

existence, Hansen (2000) develops an asymptotic theory for a threshold parameter under the

assumption that the threshold effect (i.e., the difference between the regression parameters

in different regimes) shrinks as the sample size increases. He establishes an asymptotic

distribution for a likelihood ratio (LR) test of the threshold parameter and constructs a

confidence interval by inverting the LR test for different hypothesized threshold values. More

recently, Gonzalo and Wolf (2005) employ the subsampling method to make inferences for

TAR processes. They construct confidence intervals that are asymptotically valid even when

the (dis)continuity of the TAR process is unknown. However, their coverage probabilities

are accurate only for relatively large samples (e.g., n = 500). Meanwhile, Seo and Linton

(2007) consider a more general threshold regression that may include continuous or discrete

variables, or a linear combination of such variables. They propose a smoothed least squares

estimator for this more general threshold model after replacing the indicator function with

an integrated kernel and develop an asymptotic theory for this estimator without assuming

a shrinking threshold effect. They also show how to construct asymptotic and bootstrap

confidence intervals in their specification and compare their finite-sample performance with

1For a comprehensive review of threshold applications in Economics, see Hansen (2011), Tong (2011),
and Gonzalo and Pitarakis (2013).
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the inverted likelihood ratio (ILR) approach in Hansen (2000). Their approach outperforms

Hansen’s approach for large values of the threshold parameter. However, their coverage rates

are far from nominal levels for small threshold effects and are sensitive to the choice of the

bandwidth for the kernel.

While there have been important developments in the asymptotic theory for inference

in threshold regression models (Chan, 1993; Hansen, 1996; Chan and Tsay, 1998; Hansen,

2000; Gonzalo and Wolf, 2005; Seo and Linton, 2007; Yu, 2012), only a few studies have

focused on the finite-sample performance of confidence intervals for the threshold parameter.

For example, Enders et al. (2007) study the small sample coverage properties of confidence

intervals for the threshold parameter by comparing asymptotic and bootstrap methods using

Monte Carlo experiments. They find that none of the procedures performs satisfactorily

across a range of parameter values.

In this paper, we conduct extensive Monte Carlo experiments for three data-generating

processes (DGP) previously considered in the literature. Our results confirm the poor per-

formance of the ILR approach in finite samples for some DGPs, even for a large sample of

n = 1, 000. Specifically, we find that the ILR approach performs worse when the thresh-

old effect is larger. Note that this finding is in striking contrast to the asymptotic results

from Theorem 3 in Hansen (2000), which states that his asymptotic distribution provides an

upper bound to the LR statistic if the threshold effect is fixed or large under the auxiliary

assumptions of iid Gaussian errors and the independence of the errors from the regressors

(assumption which are satisfied in all of our Monte Carlo simulations). In this sense, the ILR

confidence intervals, according to Hansen (2000), are asymptotically conservative.2 However,

we argue that the LR profile evaluated at the discrete observations econometricians observe

for the threshold variable is a bad approximation to the asymptotic LR profile in finite sam-

ples. When the threshold effect is large or fixed, the empirical LR profile is too sharp and a

sequence of LR tests for the finite threshold observations are rejected too often, leading to

the inclusion of too few threshold observations in the ILR confidence intervals. These few

observations in the confidence intervals do not provide enough information to approximate

2In a similar context of structural break models, ILR confidence intervals for structural break dates
proposed by Eo and Morley (2014) attain coverage rates greater than the nominal level and shorter confidence
sets as the magnitude of the structural break gets larger.
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the LR profile and to correctly make inferences about the true threshold parameter. This

finding motivates our proposed approach.

We modify Hansen’s (1997; 2000) ILR approach to constructing confidence intervals for

the threshold parameter in two directions: (i) a middle point adjustment for the bound-

aries of confidence intervals; and (ii) an interpolation approach for likelihood profile at non-

observable threshold values. First, the middle point adjustment can be motivated as follows:

Given a finite number of observations of the threshold variable, any point in the interval of

the threshold variable which includes the maximum likelihood estimate maximizes the likeli-

hood function. By convention, the left endpoint is usually taken as the estimator. However,

Yu (2012) shows that the middle point of such an interval is asymptotically more efficient.

We extend this idea to determining the boundaries of confidence intervals and shift their

upper and lower bounds from the left endpoints to the middle points, respectively. Second,

we approximate the LR profile for the threshold parameter values that we do not observe

from the data by using an interpolation approach. In this way, we consider threshold values

that could potentially be included in the confidence interval if they were observed. We take

into account each modification by itself to determine whether both are required to attain

coverage rates close to a given nominal level. We then employ both modifications together

to construct our proposed confidence intervals.

To evaluate the performance of our proposed approach, we compare it to a variety of

asymptotic and bootstrap methods by considering three different designs of Monte Carlo

simulations previously examined in the literature.3 The results suggest that our proposed

approach performs best overall in terms of producing accurate coverage rates and relatively

short confidence intervals, even in small samples. Other approaches to constructing confi-

dence intervals either massively undercover the true threshold parameter for large threshold

effects or overcover with confidence intervals that are almost twice as long as for our ap-

proach. Therefore, when considering both coverage rates and average lengths, our proposed

approach performs better than existing asymptotic and bootstrap methods.

The remainder of the paper is organized as follows. Section 2 describes the threshold

3Because asymptotic confidence intervals will not necessarily exhibit good coverage rates in small sample
settings or environments with fixed or large threshold effects, we also consider two different bootstrap methods
to constructing confidence intervals.
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regression model. In Section 3, we present the likelihood-ratio-based approach to construct-

ing asymptotic confidence intervals, as well as our proposed refinements. We evaluate the

performance of our approach by means of Monte Carlo experiments in Section 4. Concluding

remarks are presented in Section 5.

2 Threshold Regressions

We consider a general class of threshold regressions. Following Hansen (2000), regression

parameters, or a subset of them, switch between two regimes according to the following

specification:

yi = θ′1xi + ei, if qi ≤ γ (1)

yi = θ′2xi + ei, if qi > γ (2)

for i = 1, . . . , n, where xi ∈ Rk is a vector of regressors; the threshold variable qi, which

may be an element of xi, splits the sample into two regimes; γ is the unknown threshold

parameter; yi is generated by either (1) or (2) depending on the value of qi relative to γ; and

the random variable ei is a regression error.

For expositional purposes, the threshold regression model (1)-(2) can be rewritten in a

single-equation form:

yi = θ′xi + δ′nxi(γ) + ei (3)

where θ = θ2, δn = (θ1 − θ2), xi(γ) = xidi(γ), di(γ) = 1{qi ≤ γ}, and 1{·} is the indicator

function.

The regression parameters (θ, δn, γ) are then estimated by least squares as in Hansen

(2000). The sum of squared errors is

Sn(θ, δ, γ) = (y −Xθ −Xγδ)
′(y −Xθ −Xγδ) (4)

where y = (y1, . . . , yn)′, X and Xγ are stacking matrices of the vectors x′i and xi(γ)′ in

equation (3) respectively. Thus, we minimize the nonlinear function (4) jointly with respect
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to θ, δn, and γ.4 As it is standard in the literature, the estimate γ is restricted to be in a

bounded set Γ = [γ, γ] to avoid end-of-sample distortions.5

The model follows the assumptions described in Hansen (2000). We briefly present the

main assumptions and refer readers to Hansen (2000) for details. Let f(q) be the density

function of qi and γ0 denote the true value of γ. Then, the assumptions in this paper are

stated as follows:

Assumptions

A1. The observed sample {yi, qi, ei}ni=1 is strictly stationary, ergodic and ρ-mixing, with

ρ-mixing coefficients satisfying
∑∞

m=1 ρ
1/2
m <∞. Also, E

(
ei|Fi−1

)
= 0.

A2. δn = cn−κ, for some c 6= 0 and 0 < κ < 1
2
.

A3. Let M(γ) = E(xix
′
i{qi ≤ γ}), D(γ) = E(xix

′
i|qi = γ), and V (γ) = E(xix

′
ie

2
i |qi = γ).

Also, D = D(γ0), V = V (γ0), f = f(γ0), and M = E(xix
′
i). Then, f(γ), D(γ), and

V (γ) are continuous at γ = γ0 and M > M(γ) > 0 for all γ ∈ Γ. Also, c′Dc > 0,

c′V c > 0, and f > 0.

A4. E|xi|4 < ∞ and E|xiei|4 < ∞. Also, for all γ ∈ Γ, E
(
|xi|4e4

i |qi = γ
)
≤ C and

E
(
|xi|4|qi = γ

)
≤ C for some C <∞ and f(γ) ≤ f <∞.

Because we are interested in constructing a confidence interval for the threshold param-

eter γ and want to make the minimization of (4) easy, we consider a concentrated estimator

for γ. Conditional on γ, (3) is linear in θ and δ. The conditional estimators θ(γ) and δ(γ)

can be found by regressing y on X∗γ = [X Xγ]. Then, the sum of squared errors function

for γ is given by

Sn(γ) = Sn(θ(γ), δ(γ), γ) = y′y − y′X∗γ(X∗
′

γ Xγ)
−1X∗

′

γ y. (5)

4Under the assumption that ei is iid N(0, σ2), this least estimator is equivalent to the maximum likelihood
estimator.

5In practice, the first and last 15% of threshold observations are trimmed. We follow this practice in our
Monte Carlo simulations.
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The estimate of γ can be obtained in two steps. First, we calculate the sum of squared

errors over the restricted set Γn defined as

Γn = Γ ∩ {qi}ni=1 (6)

and second, we find the value of γ which minimizes (5):

γ̂ = arg min
γ∈Γn

Sn(γ). (7)

3 Confidence Intervals for Threshold Parameters

3.1 Benchmark ILR Approach

Following Hansen (2000), we construct a 1 − α level confidence interval for γ by inverting

an α-level likelihood ratio test of the hypothesis H0 : γ = γ0. Hansen shows that the log

likelihood ratio statistic under the auxiliary assumption that ei ∼ iidN(0, σ2) is given by

LRn(γ) = n
Sn(γ)− Sn(γ̂)

Sn(γ̂)
(8)

with Sn(γ) defined as in equation (5), and under Assumptions A1-A4

LRn(γ0)
d→ η2ξ (9)

where ξ = max
s∈R

[2W (s)− |s|], W (s) is a two-sided Brownian motion on R, η2 = (c′V c)/(σ2c′Dc),

and the distribution function of ξ is P (ξ ≤ x) = (1− exp(−x/2))2. It is well known that the

distribution of the LR statitic in (9) is non-standard but free of nuisance parameters under

the assumption of conditional homoskedasticity (i.e., η2 = 1, see Hansen (2000) for more

details).

Hansen’s (2000) analysis allows for the construction of asymptotically valid confidence

intervals for the threshold parameter based on inverting the LR statistic. In this way, a 1−α
confidence interval for the threshold parameter consists of all the possible values of γ ∈ Γn

for which the null hypothesis would not be rejected at the α level. Then, his confidence
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interval is given by

Cd = {γ : LRn(γ) ≤ CV1−α, γ ∈ Γn} (10)

where CV1−α is the critical value calculated by direct inversion of the distribution function

of ξ with the estimate of η2.

Note that the confidence interval in (10) may be disjoint. However, we can construct

a convexified version of confidence interval by connecting all disjoint segments from the

confidence interval in (10). We set this convexified confidence interval as the benchmark

in the paper. To describe the different approaches to constructing confidence intervals, we

illustrate a hypothetical LR profile in Figure 1. Let q(j) denote the j -th ordered threshold

value among all qi ∈ Γn. Suppose the l -th threshold value q(l) and the u-th threshold

value q(u) are the boundaries of the ILR confidence interval, defined as the minimum and

maximum values in the ILR confidence set (10), respectively:

q(l) = min {qi : LRn(qi) ≤ CV1−α, qi ∈ Γn} (11)

q(u) = max {qi : LRn(qi) ≤ CV1−α, qi ∈ Γn} (12)

These can be easily seen in Figure 1. Then, the 1− α benchmark ILR confidence interval is

given by

Cb = {γ : q(l) ≤ γ ≤ q(u)} (13)

where q(l) and q(u) are defined in (11) and (12), respectively.

Theorem 3 in Hansen (2000) shows that the asymptotic distribution associated with (10)

is an upper bound on the asymptotic distribution in which δn is fixed (i.e., κ = 0 in As-

sumption A2) under the additional assumptions that the errors ei are iid N(0, σ2) and

strictly independent of the regressors xi as well as the threshold variable qi. In this case,

the expected coverage rate of the benchmark ILR confidence interval (13) should be, asymp-

totically, greater than 1 − α since the confidence interval is constructed by completing the

disjoint segments in the confidence set given by (10).

However, as shown in our Monte Carlo simulations in the next section and previously

found in the literature, the empirical coverage rate of the benchmark confidence interval is
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Figure 1: Illustrated Example of Log-Likelihood Ratio Profile for the Threshold Parameter

CV1−α

LRn(γ)

γ
q(m)

= γ̂

q(m+1)q(l+1)q(l)q(l−1) q(u) q(u+1) q(u+2)

Note: A hypothetical LR profile is depicted. Given a finite number of observations of the threshold variable, the likelihood
ratio is evaluated discretely. Thus, for all qi ∈

[
q(j), q(j+ 1)

)
, they have the same likelihood ratio value LRn(qi) = LRn

(
q(j)

)
.

It is drawn by a dotted black line with an interval. The left endpoint of the interval q(j) is denoted by a solid point and the
right endpoint q(j + 1) is denoted by a hollow point. A critical value CV1−α is indicated by a blue dashed line.

far lower than the desired 1 − α level (e.g., Enders et al., 2007; Gonzalo and Wolf, 2005).

This discrepancy motivates us to propose a modified version of the likelihood-ratio-based

confidence interval.

3.2 Modified ILR Approaches

In this section, we propose a new approach to constructing a confidence interval for the

threshold parameter. We believe that the benchmark ILR approach attains unsatisfactory

coverage rates because likelihood ratio evaluations based on {qi}ni=1 are poor approximations

to likelihood ratios from the true DGP.6 To overcome this issue, we modify the ILR approach

in two directions: (i) a middle point LR evaluation; and (ii) an interpolation approach for

the LR values.

6We can confirm this conjecture in the following section from Monte Carlo simulations.

8



3.2.1 Middle point ILR approach

We describe here how the middle point evaluation works and why this modification is im-

portant for improving coverage rates of confidence intervals. Let q(m) be the estimate of

the threshold parameter defined in (7) (i.e. γ̂ = q(m)), which is also shown in Figure 1.

Although f(γ = γ0) is continuous in the DGP (see Assumption A.3), we only have discrete

observations of the threshold variable. Therefore, q(m) is the left endpoint estimator in the

sense that any threshold value γ ∈
[
q(m), q(m + 1)

)
can produce the same split subsam-

ples and the same LR value, given the specification in equations (1)-(2). Yu (2012) shows

that the middle point estimator 1
2

(
q(m) + q(m+ 1)

)
is more efficient than the left endpoint

estimator, even though both are asymptotically consistent estimators.7 However, in finite

samples, they are distinctly different, so that q(m) 6= 1
2

(
q(m) + q(m+ 1)

)
.

This idea can also be applied to determining the boundaries of the confidence interval.8

Therefore, we can propose a modified approach to constructing a confidence interval for the

threshold parameter labeled as the middle point ILR confidence interval (Cm):

Cm =

{
γ :

1

2

(
q(l) + q(l + 1)

)
≤ γ ≤ 1

2

(
q(u) + q(u+ 1)

)}
(14)

where q(l) and q(u) are defined as before, q(l+1) = min {qi : LRn(qi) ≤ CV1−α, qi > q(l), qi ∈ Γn},
and q(u + 1) = min {qi : LRn(qi) > CV1−α, qi > q(u), qi ∈ Γn}. For a visual representation,

refer to Figure 1.

7We can also confirm this by taking into account an alternative specification. Consider the example in
Figure 1. Before we introduce the alternative specification, we denote the estimate of the threshold parameter
from the threshold model (1)-(2), which is the left endpoint estimator, by γ̂LE = q(m) and the middle point
estimator by γ̂ME = 1

2

(
q(m) + q(m+ 1)

)
. Suppose we rewrite the threshold model (1)-(2) slightly differently

by changing inequality signs for the conditions of the threshold parameter from qi ≤ γ to qi < γ and from
qi > γ to qi ≥ γ, respectively:

yi = θ′1xi + ei, if qi < γ (1′)

yi = θ′2xi + ei, if qi ≥ γ. (2′)

The estimate of the threshold parameter from the rewritten threshold model (1′)-(2′), which is the right
endpoint estimator, would be γ̂RE = q(m + 1). Note that as the sample size increases, limn→∞ γ̂LE =
limn→∞ γ̂RE = limn→∞ γ̂ME = γ0 and the middle point estimator is the same for either (1)-(2) or (1′)-
(2′). Thus, this alternative specification would not make any difference under Assumption A3 that f(γ) is
continuous at γ0. However, in finite samples they are all different (i.e. q(m) 6= q(m+1) 6= 1

2

(
q(m)+q(m+1)

)
).

8Yu (2012) suggested a Bayesian approach to constructing a confidence interval. However, we focus on a
frequentist approach only in this paper.
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3.2.2 Interpolation ILR approach

An additional direction in which we modify the ILR approach considers an interpolation

for calculating likelihood values associated with non-observable thresholds. While discussing

this second modification, we put aside the first modification described by the middle point

approach. However, we will will also consider both modifications together in the next section.

The motivation for this second modification stems from the fact that we cannot evaluate

the likelihood functions for points that we do not observe (i.e., any points of γ /∈ Γn) because

Γn is a collection of discrete observations in the parameter space of Γ in finite samples. For

example, we cannot determine the likelihood ratio values for threshold variables between

q(u) and q(u + 1) and between q(l − 1) and q(l). However, it is likely that there are some

threshold parameter values γ́ ∈
(
q(u), q(u + 1)

)
such that LRn(γ́) ≤ CR1−α. Similarly, it

is possible that there are some threshold parameter values γ̀ ∈
(
q(l − 1), q(l)

)
such that

LRn(γ̀) ≤ CR1−α where q(l − 1) = max {qi : LRn(qi) > CV1−α, qi < q(l), qi ∈ Γn}. If they

are not included in the confidence interval, it may exclude the true threshold value and its

coverage rate could be far lower than 1 − α. Thus, if there are such γ’s, they should be

included in the confidence interval.

To remedy this potential problem, we consider an interpolation method using observable

LR values and the critical value CV1−α so that we can include possible threshold values

between q(u) and q(u + 1) and between q(l − 1) and q(l) for which the null hypothesis

would not be rejected, even if we do not have observations for them. The interpolation ILR

confidence interval is given by:

Cint = {γ : wlq(l) + (1− wl)q(l − 1) ≤ γ ≤ wuq(u) + (1− wu)q(u+ 1)} (15)

where

wl =
LRn(q(l − 1))− CV1−α

LRn(q(l − 1))− LRn(q(l))
, (16)

wu =
LRn(q(u+ 1))− CV1−α

LRn(q(u+ 1))− LRn(q(u))
, (17)

so that wl ∈ (0, 1) and wu ∈ (0, 1).
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Note that, as LRn(q(l − 1)) → CV1−α, wl → 0 and the interpolation ILR confidence

interval would include more values between q(l− 1) and q(l) than the benchmark confidence

interval. Similarly, as LRn(q(u+1))→ CV1−α, wu → 0 and the interpolation ILR confidence

interval would include more values between q(u) and q(u+1) than the benchmark confidence

interval.

We can further adopt a more conservative approach and set the weights wu = 0 and

wl = 0, regardless of LR values around the boundaries. Hence, we can define a conservative

ILR confidence interval as

Cc = {γ : q(l − 1) ≤ γ ≤ q(u+ 1)} . (18)

By construction, the conservative confidence interval Cc in (18) is always longer than either

the benchmark confidence interval (13) or the interpolation confidence interval (15). Also,

note that the interpolation confidence interval (15) is always longer than the benchmark

confidence interval (13).

3.2.3 Proposed approach to constructing confidence intervals

Up until now, we have considered the middle point approach and the interpolation approach

separately. Building on these refinements, we propose a new approach considers both modi-

fications together. This new confidence interval is given by

Cnew = {γ : q∗L ≤ γ ≤ q∗U} (19)

where

q∗L = wl ×
1

2

(
q(l) + q(l + 1)

)
+ (1− wl)×

1

2

(
q(l − 1) + q(l)

)
q∗U = wu ×

1

2

(
q(u) + q(u+ 1)

)
+ (1− wu)×

1

2

(
q(u+ 1) + q(u+ 2)

)
with q(u + 2) = min {qi : LRn(qi) > CV1−α, qi > q(u+ 1), qi ∈ Γn}. The weights wl and wu

are defined as in (16) and (17). In our proposed confidence intervals, the lower boundary of

the confidence interval is determined by the weighted average of two middle points 1
2

(
q(l) +

q(l+1)
)

and 1
2

(
q(l−1)+q(l)

)
instead of the weighted average of q(l) and q(l−1). Similarly, the
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upper boundary is determined by the weighted average of two middle points 1
2

(
q(u)+q(u+1)

)
and 1

2

(
q(u+ 1) + q(u+ 2)

)
instead of the weighted average of q(u) and q(u+ 1).

Notice that if LR(q(l)) → CV1−α, then wl → 1 for the case of the lower boundary.

Meanwhile, if LR(q(l− 1))→ CV1−α, then wl → 0 for the case of the upper boundary of the

confidence interval. Thus, the middle point ILR confidence interval in (14) is a special case

of our new proposed approach when wl = 1 and wu = 1.

4 Monte Carlo Experiments

In this section, we conduct extensive Monte Carlo simulations to evaluate the finite-sample

performance of the competing methods for constructing confidence intervals of the threshold

parameter. We compare our new proposed approach (ILRnew), as well as the middle point

approach (ILRm) and the interpolation approach (ILRint), to the following existing meth-

ods in the literature: the disjoint ILR confidence interval and the benchmark ILR confidence

interval (ILRd and ILRb) in Hansen (1997, 2000), the bootstrap percentile confidence inter-

val (BP ), and the bootstrap ILR confidence interval (BILR). In addition, we also consider

the conservative ILR approach (ILRc), as described above. By taking into account only one

modification of the benchmark ILR approach at a time (either the middle point modification

only or the interpolation modification only), we are able to evaluate the effect of each mod-

ification and determine whether both are required to improve the performance of the ILR

approach. To be concise, we omit the details of these well-known methods and encourage

interested readers to refer to Hansen (1997, 2000) and MacKinnon (2006) for specifics.

To evaluate and contrast the overall performance of all methods, we examine the empiri-

cal coverage rates and the average lengths of confidence intervals for the threshold parameter.

The coverage rate is computed as the frequency of Monte Carlo simulations for which the

constructed intervals contain the true threshold parameter. Its accuracy is determined by

comparing it to the nominal confidence level 1 − α. In all experiments, we construct 95%

confidence intervals. The average length of the confidence interval is defined as the differ-

ence between the upper and the lower boundaries of the confidence interval averaged across

Monte Carlo simulations. For ease of comparison, the average lengths for all approaches are
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normalized by the length of our proposed ILRnew approach in all specifications.

In the case of bootstrap methods, we consider B = 199 bootstrap samples. To construct

the bootstrap samples, we take a parametric approach and use the estimated coefficients

and threshold parameters instead of the parameters from the DGP and errors from a normal

distribution with variance σ̂2. In all cases, we calculate confidence intervals for sample sizes

set to n = 50, 100, 250, 500 and 1, 000 and consider 1,000 Monte Carlo replications for each

experiment.9

For ease of comparison, we summarize the competing approaches to constructing con-

fidence intervals for the threshold parameter in our Monte Carlo analysis in Table 1. To

Table 1: Competing Approaches to Constructing Confidence Intervals

Description Confidence Interval
ILRd Hansen’s disjoint ILR {γ : LRn(γ) ≤ CV1−α}
ILRb Hansen’s benchmark ILR {γ : q(l) ≤ γ ≤ q(u)}
ILRc Inverted LR conservative ILR {γ : q(l − 1) ≤ γ ≤ q(u+ 1)}
ILRm Middle Point ILR

{
γ : 1

2

(
q(l) + q(l + 1)

)
≤ γ ≤ 1

2

(
q(u) + q(u+ 1)

)}
ILRint Interpolation ILR {γ : wlq(l) + (1− wl)q(l − 1) ≤ γ ≤ wuq(u) + (1− wu)q(u+ 1)}
ILRnew New Proposed Approach

{
γ :

wl × 1
2

(
q(l) + q(l + 1)

)
+

(1− wl)× 1
2

(
q(l − 1) + q(l)

) ≤ γ ≤ wu × 1
2

(
q(u) + q(u+ 1)

)
+

(1− wl)× 1
2

(
q(u+ 1) + q(u+ 2)

) }
BP Bootstrap percentile

{
γ : q∗1−α/2 ≤ γ ≤ q∗α/2

}
BILR Bootstrap ILR

{
γ : LRn(γ) ≤ CV ∗1−α

}
Note: The percentiles q∗

1−α/2 and q∗
α/2

for the BP approach and the critical value CV ∗1−α for the BILR approach are calculated

for each simulation by bootstrapping. See MacKinnon (2006) for more details.

evaluate the performance of our proposed approach in different settings, we consider three

different DGPs previously examined in the literature by Tong (1990), Hansen (2000) and

Chan and Tsay (1998). The DGP and results for each experiment are described in the

following subsections.

4.1 Monte Carlo Experiment 1: Tong’s (1990) DGP

We generate data according to the following self-exciting TAR (SETAR) model:

yi =

 α0 +
∑p

j=1 αjyi−j + εi, if yi−d ≤ γ

β0 +
∑p

j=1 βjyi−j + εi, if yi−d > γ
(20)

9Each series was generated for (n + 200) observations after the first 200 observations were discarded to
avoid any distortions from initial values.
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where εi ∼ N(0, 1) for i = 1, . . . , n. To reduce the computational burden, we focus on the

simplest case where p = d = 1 and set α0 = 0.7, α1 = −0.5, β0 = −1.8, β1 = 0.7 and γ = 0,

which is also the DGP studied by Tong (1990) and Gonzalo and Wolf (2005).

Table 2 shows empirical coverage rates and average lengths for the DGP described in (20)

and different sample sizes. The results show that most approaches perform poorly in the

sense that they cannot produce coverage rates close to the nominal level for all sample sizes.

Exceptions are given by the ILRnew approach, the BP approach, and the ILRc approach.

For example, the ILRc approach massively overcovers, as it exhibits coverage rates near

100%. This can be explained by the excessively long average lengths associated with it.

The confidence intervals constructed using the ILRc approach are, by far, the longest from

all asymptotic methods. Although our proposed ILRnew approach (92% to 96%) and the

BP approach (94% to 96%) produce quite accurate coverage rates across different sample

sizes, the lengths of our ILRnew proposed approach are substantially shorter than those

from the BP approach, which are 70% to 80% longer, for all sample sizes. Furthermore,

the relative length of the BP approach, compared to our ILRnew approach, increases with

the sample size. Thus, the accurate coverage of the BP approach is attained at the expense

of a much longer length and, consequently, less precise information about the threshold

parameter. At the same time, undercoverage from the ILRm and ILRint approaches implies

that both modifications are necessary for better coverage accuracy of the general ILRb

approach. Another interesting finding is that the BILR approach massively undercovers

(35% to 45%) and exhibits average lengths that are excessively short. It is important to

note that the coverage rates of all these methods do not appear to increase with the sample

size.

4.2 Monte Carlo Experiment 2: Hansen’s (2000) DGP

In the second experiment, we use two different DGPs considered by Hansen (2000). Specif-

ically, the DGP is described by equation (3) with iid data and xi = (1 zi)
′, ei ∼ N(0, 1),

qi ∼ N(2, 1) and γ = 2. Following Hansen (2000), two different regressors zi are considered:

(i) zi ∼ iidN(0, 1) and (ii) zi = qi. Partitioning δn = (δ1 δ2)′, we set δ1 = 0 and assess

coverage rates and normalized average lengths allowing δ2 to vary. Specifically, δ2 is set to

14



0.25, 0.50, 1.00, 1.50, and 2.00.10 The sample size n also varies as before.11

The results are reported in panels (a) and (b) of Table 3 for the cases with zi ∼ iid N(0, 1)

and zi = qi, respectively. From panel (a), when the threshold effect is small (δ2 = 0.25, 0.50),

we find that coverage rates for all asymptotic approaches slightly overcover for all sample

sizes, with the exception of the ILRd approach. Meanwhile, the BILR approach slightly

undercovers for small samples, but coverage rates tend to increase with the sample size

n. Similarly, the BP approach exhibits low coverage rates for small samples but tends to

converge to the nominal level of 95% when δ2 = 0.50. However, their coverage rates are

quite low when δ2 = 0.25. In general terms, normalized average lengths for all approaches

are not very different in small samples (n ≤ 100) for δ2 = 0.25. As the sample size n

increases, the normalized average length of the ILRd approach decreases significantly, while

the normalized average length of the BP approach increases, becoming 33% longer than our

proposed approach when n = 1, 000. This same pattern also occurs for the case of δ2 = 0.5

and the length differences for ILRd and BP , relative to the length of our proposed approach,

are only accentuated.

As the threshold effect δ2 becomes larger, the overcoverage of the ILRc approach increases

to the point of reaching almost 100% for δ2 = 2. This is explained by their increasing

normalized average lengths relative to our proposed ILRnew approach, which becomes almost

twice as long for δ2 = 2. By contrast, the coverage rates of all other asymptotic approaches,

as well as the BILR approach, fall with the threshold effect. The BILR confidence intervals

perform particularly poorly as their coverage rates fall close to zero for very large threshold

effects (δ2 = 2). Intuitively, the decrease in coverage probabilities is explained by the fact

that, with a larger threshold effect, the identification of the threshold parameter is very

10Both setups in Monte Carlo simulations are also used in the supplemental appendix to Seo and Linton
(2007). They found that their smoothed least squares estimator performs well for large threshold effects.
However, the coverage rates are far below the nominal level for small threshold effects. See Seo and Linton
(2006) for more details. They note that the their confidence intervals are asymptotically longer than those
in Hansen (2000) because their estimator converges at a slower rate. We do not consider their approach in
this paper because our new proposed approach can attain coverage rates close to the nominal level and the
expected length of our new proposed approach is asymptotically the same as in Hansen (2000).

11Using observations of the threshold variable for each Monte Carlo sample, we find somewhat different
results to those in Table II in Hansen (2000). We are only able to replicate his results when evaluating the
likelihood ratio at the true threshold value from the DGP, which would not be considered in practice given
a finite-sample of data drawn from a continuous distribution.
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precise. As a consequence, the confidence intervals become very narrow and include very few

points, in some cases even just one threshold value.12 This can be clearly seen by comparing

normalized average lengths for all asymptotic approaches and the BILR approach in panel

(a) of Table 2. For example, for δ2 = 2, the average length of the benchmark ILRb approach

is, roughly, 25%-30% that of our proposed ILRnew approach. To get a sense of how narrow

such confidence intervals become with large threshold effects, the average lengths for our

ILRnew confidence intervals prior to normalization are 0.093, 0.044, 0.018, 0.009 and 0.004

for n = 50, 100, 250, 500 and 1, 000, respectively.

Notably, the coverage rates of our proposed ILRnew approach are very accurate even for

threshold effects as large as δ2 = 1. For the exceptional cases of threshold effects that are

unusually high, like δ2 = 1.5 or δ2 = 2, our constructed confidence intervals undercover.

In spite of this, the coverage rates of our ILRnew approach are always higher than those

of the BILR approach and all other asymptotic confidence intervals (with the exception

of ILRc), especially for large threshold effects. This is explained by the fact that, even

when the estimation of the threshold becomes very precise for large threshold effects, our

confidence intervals still contain enough information to include the true threshold parameter.

Meanwhile, the coverage probabilities from the BP confidence intervals are very close to the

nominal level of 95% for large values of δ2 (although they undercover for small threshold

effects, as noted previously). Intuitively, their coverage rate is closer to 95% because the

confidence intervals are significantly longer than our proposed confidence intervals. For

example, for δ2, they are, on average, more than double the length at 133% longer.

The results for the case with zi = qi, reported in panel (b) of Table 2, are not much

different, qualitatively, from those reported in panel (a). In general, the ILRc approach

always overcovers, especially for large values of δ2, in part, because the confidence intervals

are longer than all other asymptotic confidence intervals by construction. The BILR ap-

proach, on the other hand, generates confidence intervals with accurate coverage rates for

small threshold effects, but with very low coverage rates for large threshold effects, since the

confidence intervals become prohibitively narrow in that case. The confidence intervals from

12Hansen’s (2000) benchmark confidence intervals include less than three points over 70% of the time in
Monte Carlo simulations when δ2 = 2. In that case, even our linear interpolation modification cannot help
attain coverage rates close to the nominal level of 95%.
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all other asymptotic approaches exhibit accurate coverage probabilities for small threshold

effects, but they fall below 95% as δ2 increases, given the small number of threshold values

included in them, as explained above. Notably, our ILRnew approach produces accurate cov-

erage probabilities, even for δ2 = 2. Finally, the BP approach produces accurate confidence

intervals for large threshold effects, but they undercover for δ2 = 0.25, even when n = 1, 000

and also for δ2 = 0.5 and δ2 = 1 when samples are small. As before, the BP approach

produces confidence intervals that are always relatively longer than those from our ILRnew

approach and their normalized average lengths increase with δ2.

4.3 Monte Carlo Experiment 3: Chan and Tsay’s (1998) DGP

In the third experiment, we consider the continuous SETAR process given by DGP (20) with

p = d = 1 and set α0 = 0.52, α1 = 0.6, β0 = 1.48, β1 = −0.6, γ = 0.8, and εi ∼ N(0, 1) for

i = 1, . . . , n, which corresponds to the DGP studied by Chan and Tsay (1998) and Gonzalo

and Wolf (2005).13

The results are reported in Table 4. The BILR approach and all asymptotic approaches

(with the exception of the ILRd approach) exhibit empirical coverage rates that are very close

to the 95% nominal level, even in small samples. Similarly, normalized average lengths for all

these approaches are not very different, although the ILRc approach exhibits slightly longer

normalized average lengths in small samples and the BILR approach, for large samples.

Meanwhile, the ILRd approach slightly undercovers, even for sample sizes as large as n =

1, 000, consistent with the findings from the previous two Monte Carlo experiments. This is

explained by the considerably shorter normalized average lengths associated with the ILRd

approach, which decrease with n.

The BP approach is massively outperformed by our proposed ILRnew approach and

all other methods. While the normalized average length of the BP confidence intervals is

consistently higher relative to our proposed ILRnew approach, as before, they undercover

the true threshold parameter by a large margin. Furthermore, the coverage rate remains

13In the original DGP, Chan and Tsay (1998) consider heteroscedastic errors: εi for the first regime and
2εi for the second regime. We set the innovations terms to have the same size of variance in both regimes,
as this is a necessary assumption to develop the asymptotic distribution in Hansen (2000).
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substantially below the 95% nominal level even in very large sample sizes (e.g., n = 1, 000).

4.4 Summary of Monte Carlo Results

Our Monte Carlo simulation results show that the benchmark ILR approach to constructing

confidence intervals undercovers the true threshold parameter value in finite samples for

some DGPs, even for a large sample of n = 1, 000. Specifically, we find that the ILR

approach performs worse when the threshold effect is larger. This finding is in contrast to

the asymptotic results in the literature. However, our proposed ILRnew approach produces

confidence intervals with empirical coverage rates that are almost always very close to the

nominal 95% level, while keeping a relatively short average length. To the extent that

confidence intervals with short length are desirable as long as they also exhibit high coverage

accuracy, we infer from these experiments that our proposed ILRnew approach generates

accurate confidence intervals with the appropriate length. That is, considering both coverage

rates and average lengths, our proposed approach performs better than all other asymptotic

and bootstrap confidence intervals.

5 Concluding Remarks

We have proposed two modifications for the ILR approach to constructing confidence inter-

vals for the threshold parameter in threshold regressions (Hansen, 2000). First, we consider

a middle point adjustment for the boundaries of confidence intervals. Second, we consider an

interpolation approach for the likelihood profile evaluated at non-observable threshold val-

ues. Our extensive Monte Carlo simulations suggest that our proposed modified approach

produces confidence intervals that exhibit very accurate coverage rates with reasonably short

lengths in finite samples when compared to other existing asymptotic and bootstrap meth-

ods. Also, we find that both modifications are necessary to improve coverage accuracy of

the ILR approach.
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Appendix: Tables

Table 2: Coverage and average length of 95% confidence intervals: Tong (1990)

Coverage Rate Average Length
n = 50 100 250 500 1,000 50 100 250 500 1,000
ILRd 0.61 0.55 0.56 0.58 0.59 0.61 0.57 0.60 0.60 0.60
ILR 0.66 0.59 0.59 0.61 0.61 0.85 0.73 0.68 0.67 0.66
ILRc 0.99 0.99 0.99 1.00 0.99 1.16 1.25 1.30 1.29 1.30
ILRm 0.62 0.58 0.58 0.59 0.59 0.83 0.72 0.67 0.67 0.67
ILRint 0.88 0.86 0.85 0.87 0.88 1.01 1.01 1.01 1.00 1.00
ILRnew 0.93 0.93 0.93 0.92 0.96 1.00 1.00 1.00 1.00 1.00
BP 0.96 0.95 0.94 0.95 0.95 1.61 1.69 1.78 1.75 1.81
BILR 0.45 0.35 0.35 0.37 0.36 0.56 0.40 0.37 0.37 0.37

Note: The average lengths are normalized by the length of our proposed approach (ILRnew) for
each sample size. The average lengths for ILRnew are 0.650, 0.212, 0.071, 0.035, 0.017 for sample
sizes 50, 100, 250, 500, and 1,000 respectively. In our Monte Carlo simulations, we consider a
SETAR model with a DGP:

yi =

{
0.70− 0.50yi−1 + εt, if yi−1 ≤ 0
−1.80 + 0.70yi−1 + εt, if yi−1 > 0

(21)

where εt ∼ N(0, 1) for i = 1, . . . , n.
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Table 3: Coverage and average length of 95% confidence intervals: Hansen (2000)

(a) xi = qi

Coverage Rate Average Length
n = 50 100 250 500 1,000 50 100 250 500 1,000

δ2 = 0.25
ILRd 0.92 0.89 0.94 0.92 0.95 0.91 0.90 0.83 0.72 0.65
ILR 0.97 0.95 0.97 0.96 0.97 1.01 1.00 1.00 1.00 0.99
ILRc 0.98 0.96 0.98 0.97 0.97 1.03 1.01 1.01 1.01 1.01
ILRm 0.97 0.95 0.97 0.96 0.97 0.99 0.99 1.00 1.00 0.99
ILRint 0.98 0.95 0.97 0.96 0.97 1.02 1.01 1.00 1.00 1.00
ILRnew 0.98 0.96 0.97 0.97 0.97 1.00 1.00 1.00 1.00 1.00
BP 0.86 0.66 0.75 0.89 0.94 1.09 1.05 1.06 1.16 1.33
BILR 0.92 0.92 0.96 0.96 0.96 0.99 0.99 1.01 1.02 1.01

δ2 = 0.50
ILRd 0.90 0.91 0.93 0.93 0.94 0.84 0.78 0.68 0.72 0.75
ILR 0.94 0.94 0.95 0.95 0.97 0.99 0.99 0.97 0.95 0.95
ILRc 0.97 0.97 0.98 0.98 0.99 1.03 1.02 1.03 1.05 1.06
ILRm 0.94 0.94 0.95 0.96 0.96 0.98 0.98 0.97 0.96 0.95
ILRint 0.96 0.96 0.97 0.97 0.98 1.01 1.01 1.00 1.00 1.00
ILRnew 0.97 0.96 0.97 0.97 0.98 1.00 1.00 1.00 1.00 1.00
BP 0.90 0.88 0.95 0.95 0.96 1.14 1.16 1.44 1.54 1.44
BILR 0.88 0.92 0.94 0.92 0.93 0.95 0.95 0.79 0.83 0.83

δ2 = 1.00
ILRd 0.71 0.70 0.76 0.73 0.74 0.65 0.61 0.70 0.69 0.70
ILR 0.74 0.75 0.79 0.75 0.77 0.90 0.84 0.81 0.80 0.79
ILRc 0.98 0.99 0.99 0.99 0.99 1.10 1.14 1.17 1.21 1.20
ILRm 0.77 0.75 0.77 0.76 0.78 0.90 0.85 0.81 0.80 0.79
ILRint 0.91 0.92 0.94 0.93 0.94 1.00 1.00 1.00 1.00 1.00
ILRnew 0.95 0.95 0.97 0.96 0.96 1.00 1.00 1.00 1.00 1.00
BP 0.96 0.96 0.94 0.96 0.94 1.53 1.63 1.54 1.64 1.63
BILR 0.58 0.58 0.61 0.55 0.58 0.74 0.61 0.58 0.55 0.54

δ2 = 1.50
ILRd 0.38 0.34 0.37 0.39 0.41 0.49 0.46 0.47 0.48 0.47
ILR 0.40 0.37 0.39 0.41 0.43 0.62 0.51 0.53 0.52 0.51
ILRc 0.99 0.99 1.00 0.99 1.00 1.35 1.43 1.43 1.45 1.42
ILRm 0.43 0.40 0.41 0.39 0.39 0.65 0.53 0.53 0.51 0.52
ILRint 0.75 0.76 0.74 0.75 0.80 0.99 0.99 0.99 1.00 0.99
ILRnew 0.87 0.88 0.88 0.88 0.89 1.00 1.00 1.00 1.00 1.00
BP 0.95 0.95 0.96 0.95 0.95 1.94 1.95 1.91 1.97 1.90
BILR 0.21 0.15 0.17 0.17 0.18 0.34 0.22 0.21 0.20 0.20

δ2 = 2.00
ILRd 0.16 0.13 0.12 0.13 0.16 0.28 0.26 0.23 0.26 0.27
ILR 0.16 0.14 0.13 0.14 0.16 0.32 0.27 0.25 0.28 0.27
ILRc 1.00 1.00 0.99 1.00 1.00 1.82 1.93 1.93 1.93 1.90
ILRm 0.18 0.16 0.14 0.14 0.14 0.33 0.29 0.27 0.27 0.27
ILRint 0.54 0.53 0.53 0.56 0.57 0.97 0.99 0.99 1.00 1.00
ILRnew 0.74 0.70 0.71 0.73 0.72 1.00 1.00 1.00 1.00 1.00
BP 0.96 0.94 0.94 0.95 0.94 2.33 2.36 2.28 2.37 2.33
BILR 0.03 0.02 0.01 0.01 0.01 0.07 0.03 0.02 0.01 0.02

Note: The average lengths are normalized by the length of our proposed approach (ILRnew) for
each value of δ2 sample size. The average lengths for ILRnew are 0.0933, 0.0438, 0.0180, 0.0086,
0.0044 for δ2 = 2 and sample sizes 50, 100, 250, 500, and 1,000 respectively. Other average lengths
are available upon request. In our Monte Carlo simulations, we consider a threshold model with a
DGP:

yi =

{
1 + xi + εt, if qi ≤ 2

1 + (1 + δ2)xi + εt, if qi > 2

where xi = qi ∼ N(2, 1) and εt ∼ N(0, 1) for i = 1, . . . , n.
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(b) xi ∼ N(0, 1)

Coverage Rate Average Length
n = 50 100 250 500 1,000 50 100 250 500 1,000

δ2 = 0.25
ILRd 0.95 0.94 0.93 0.92 0.93 0.96 0.95 0.90 0.84 0.76
ILR 0.98 0.98 0.96 0.96 0.96 1.01 1.00 1.00 1.00 1.00
ILRc 0.98 0.98 0.96 0.96 0.96 1.02 1.01 1.01 1.00 1.00
ILRm 0.98 0.97 0.96 0.96 0.96 0.99 1.00 1.00 1.00 1.00
ILRint 0.98 0.98 0.96 0.96 0.96 1.02 1.01 1.00 1.00 1.00
ILRnew 0.98 0.98 0.96 0.96 0.96 1.00 1.00 1.00 1.00 1.00
BP 0.87 0.58 0.61 0.76 0.89 1.10 1.05 1.03 1.09 1.21
BILR 0.96 0.96 0.96 0.96 0.96 1.00 1.00 1.01 1.02 1.04

δ2 = 0.50
ILRd 0.94 0.92 0.94 0.94 0.96 0.93 0.89 0.78 0.75 0.78
ILR 0.97 0.96 0.97 0.97 0.98 1.00 1.00 0.99 0.99 0.99
ILRc 0.98 0.97 0.98 0.97 0.99 1.03 1.02 1.01 1.01 1.01
ILRm 0.97 0.96 0.97 0.96 0.98 0.98 0.99 0.99 0.99 0.99
ILRint 0.98 0.96 0.97 0.97 0.98 1.02 1.01 1.00 1.00 1.00
ILRnew 0.98 0.96 0.98 0.97 0.99 1.00 1.00 1.00 1.00 1.00
BP 0.90 0.76 0.89 0.95 0.95 1.14 1.12 1.23 1.43 1.44
BILR 0.94 0.94 0.95 0.95 0.97 0.99 0.99 0.98 0.98 0.94

δ2 = 1.00
ILRd 0.90 0.91 0.92 0.93 0.93 0.82 0.78 0.80 0.80 0.82
ILR 0.93 0.93 0.94 0.94 0.94 0.97 0.96 0.96 0.96 0.96
ILRc 0.99 0.97 0.98 0.99 0.98 1.05 1.04 1.05 1.05 1.06
ILRm 0.93 0.93 0.94 0.94 0.94 0.96 0.96 0.96 0.95 0.96
ILRint 0.96 0.95 0.96 0.97 0.97 1.01 1.00 1.00 1.00 1.00
ILRnew 0.97 0.96 0.97 0.98 0.97 1.00 1.00 1.00 1.00 1.00
BP 0.92 0.92 0.95 0.95 0.95 1.30 1.39 1.49 1.48 1.51
BILR 0.90 0.89 0.91 0.91 0.90 0.90 0.88 0.83 0.82 0.79

δ2 = 1.50
ILRd 0.84 0.87 0.87 0.86 0.84 0.79 0.79 0.80 0.81 0.83
ILR 0.87 0.89 0.88 0.89 0.86 0.92 0.92 0.91 0.91 0.91
ILRc 0.98 0.98 0.99 0.99 0.99 1.09 1.10 1.10 1.10 1.10
ILRm 0.86 0.88 0.89 0.87 0.87 0.92 0.92 0.91 0.91 0.91
ILRint 0.94 0.94 0.94 0.95 0.94 1.00 1.00 1.00 1.00 1.00
ILRnew 0.96 0.96 0.97 0.97 0.96 1.00 1.00 1.00 1.00 1.00
BP 0.95 0.95 0.95 0.94 0.96 1.51 1.50 1.57 1.56 1.59
BILR 0.80 0.81 0.82 0.79 0.78 0.79 0.75 0.73 0.71 0.73

δ2 = 2.00
ILRd 0.77 0.78 0.76 0.77 0.77 0.76 0.80 0.78 0.80 0.79
ILR 0.79 0.80 0.78 0.79 0.79 0.88 0.87 0.87 0.87 0.85
ILRc 0.98 0.99 0.99 0.99 0.99 1.16 1.17 1.17 1.18 1.18
ILRm 0.78 0.77 0.78 0.79 0.78 0.87 0.87 0.87 0.86 0.85
ILRint 0.89 0.90 0.89 0.90 0.91 1.00 1.00 1.00 1.01 1.00
ILRnew 0.93 0.92 0.93 0.94 0.94 1.00 1.00 1.00 1.00 1.00
BP 0.95 0.94 0.96 0.95 0.95 1.70 1.67 1.70 1.74 1.80
BILR 0.68 0.69 0.68 0.67 0.69 0.66 0.65 0.64 0.64 0.63

Note: The average lengths are normalized by the length of our proposed approach (ILRnew) for
each value of δ2 and sample size. The average lengths for ILRnew are 0.3742, 0.1863, 0.0721, 0.0351,
0.0169 for δ2 = 2 and sample sizes 50, 100, 250, 500, and 1,000 respectively. Other average lengths
are available upon request. In our Monte Carlo simulations, we consider a threshold model with a
DGP:

yi =

{
1 + xi + εt, if qi ≤ 2

1 + (1 + δ2)xi + εt, if qi > 2

where qi ∼ N(2, 1), xi ∼ N(0, 1), and εt ∼ N(0, 1) for i = 1, . . . , n.
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Table 4: Coverage and average length of 95% confidence intervals: Chan and Tsay (1998)

Coverage Rate Average Length
n = 50 100 250 500 1,000 50 100 250 500 1,000
ILRd 0.89 0.91 0.91 0.90 0.92 0.92 0.88 0.85 0.85 0.84
ILR 0.94 0.96 0.96 0.95 0.96 1.00 1.00 0.99 0.99 1.00
ILRc 0.95 0.97 0.96 0.95 0.96 1.03 1.02 1.01 1.01 1.00
ILRm 0.94 0.97 0.96 0.95 0.96 0.98 0.99 0.99 1.00 1.00
ILRint 0.94 0.97 0.96 0.95 0.96 1.02 1.01 1.00 1.00 1.00
ILRnew 0.95 0.97 0.96 0.95 0.96 1.00 1.00 1.00 1.00 1.00
BP 0.49 0.44 0.46 0.45 0.51 1.07 1.03 1.03 1.05 1.07
BILR 0.93 0.95 0.96 0.95 0.96 0.99 1.00 1.02 1.02 1.03

Note: The average lengths are normalized by the length of our proposed approach (ILRnew) for
each sample size. The average lengths for ILRnew are 1.802, 1.739, 1.385, 1.069, and 0.816 for
sample sizes 50, 100, 250, 500, and 1,000 respectively. In our Monte Carlo simulations, we consider
a SETAR model with a DGP:

yi =

{
0.52 + 0.60yi−1 + εt, if yi−1 ≤ 0.80
1.48− 0.60yi−1 + εt, if yi−1 > 0.80

(22)

where εt ∼ N(0, 1) for i = 1, . . . , n.
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